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Abstract. Let Q{n, c) denote the minimum clique number over graphs with 
n vertices and chromatic number c. We determine the rate of growth of of 
the sequence {Q{n, [rn] )}5JLj^ for any fixed < r < 1. We also give a better 
upper bound for Q{n, \rn]). 



1. Introduction 

Let uj{G),a{G), and x(G') denote the clique number, independence number, and 
chromatic number, respectively, of a graph G. We will also use \G\ to denote the 
number of vertices and ||G|| to denote the number of edges of G. Furthermore, let 

uj{n, k) = min{a;(G') : \G\ = n and a{G) < k} 

the inverse Ramsey number. Define 

Q{n, c) = min{a;(G') : \G\ — n and x{C^) = c}. 

The goal of this research is to determine Q{n, c) as exactly as possible. 

Biro, Fiiredi, and Jahanbekam [1] gave an exact formula for Q{n,c) for the case 
when c > (n + 3)/2 in terms of inverse Ramsey numbers. They proved the following. 

Theorem 1. For n> 2k + 3 

Q{n, n — fc) = n — 2fc + q{k) 

where 

s 

q{k) = min 

1=1 

where the minimum is taken over positive integers fci, . . . , fcg with ki + ■ ■ ■ + kg = k, 
and s < 3. 

Liu iSj determined the rate of growth of Q{n, [n/k~\) for k fixed positive integer, 
still, in terms of inverse Ramsey numbers. He proved that Q(n, \n/k'\) — Q{uj{n, k)) 
for k positive integer. The natural question (also specifically posed by Liu) remained 
to determine the rate of growth of the sequence in cases when k is not an integer. 
In this paper we provide the answer to this question proving the following theorem. 

Theorem 2. Fix < r < 1 and let k — [l/r\. Then there exists < dr < I such 
that for n large enough 

drUj(n, k) < Q{n, \rri\) < u>{n, k). 

We go beyond these bounds in Section |3l we provide a stronger upper bound for 
(5(n, [rn]). We hope that the improved bound is close to the actual value, in fact 
it is plausible to believe that it is asymptotically correct. 
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2. Proof of the main theorem 



In the following proof, we generalize the ideas of Liu's proof to make it work for 
arbitrary (non-integer) positive real numbers. 
We will need the following simple lemma. 

Lemma 3. For all < r < 1, and n, k positive integers, if rn > k 

uj{\rn],k) > 

Proof. Observe that uj is monotone and sub-additive in its first variable. Therefore 



\rn~\ ,k\ > uj(n,k). 



□ 



Now we will prove that Q{n, [rn]) < uj{n, k); we do this by exhibiting a graph 
with n vertices, chromatic number [rn], and clique number at most uj{n,k). Let 
G be a Ramsey graph with \G\ = n, a{G) = fc, and w(G) — uj{n, k). Then 



X(G)> 



[1/rJ 



> 



1/r 



[rn] . 



Drop edges from G until we get a subgraph G' with x(G") = [rn]. Then \G'\ = n, 
and io{G') < uj{n, k). 

Now we will prove the other inequality of the theorem by induction on k. 

Consider the k = 1 case. In this case ^ < r < 1. 

Q{n, [rn] ) = Q{n, \n — (1 — r)n] ) = Q{n, n — [(1 — r)nj ). 
By Theorem [H 

Q(n, [rn]) = n - 2[(1 - r)nj + q{l{l - r)nj) > n - [2(1 - r)nj 

= [n - 2(1 - r)n] = \-n + 2rn] = [(2r - l)n] > (2r - l)n. 

So we can choose = 2r — 1. 

Now assume fc > 2. Let Go be a graph with |Go| = n, and x{Go) = [rn]. We 
need to show that there exists dr such that drcu^ri, k) < w(Go). We will construct a 
sequence of graphs Go, Gi, . . . , Gt by repeatedly removing independent sets of size 
fc -I- 1 from Gi to get Gi+i until either a{Gt) < k or t > 



l-(fe-l)r 



Case 1: Suppose t < ^^-^n. Then a{Gt) < fc, and so uj{Gt) > w(|Gt|,fc). 
Let 

1 - (fc - l)r 



1 



-(fc + 1). 



Since r > l/(fc -I- 1), it follows that Cr > 0. Also \Gt\ — n — {k + l)t > CrU, so 
\Gt\ > [c^n], and therefore uj{Gt) > uj{\crn], fc). Using Lemma[3l we get 

(1) uj{Gt)>r^Lo{n,k). 



Case 2: Suppose now that t > ^ '■^^ 

xiGt) ^ [rn] - 1 ^ 



n. In this case 

r 1 l-(fc-l)r 

I rn I ^2 — 



\Gt\ - n-(fc + l)i „_(fc + l)i^(^, 
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This is because x{Gt)/\Gt\ obviously increasing if we keep removing color classes 
whose size is above the average size of a color class in an optimal coloring. (One 
may also show this by checking the monotonicity of ^-(^^^i)^ for x < -j^-) 
Hence 

x{Gt) ^ 2r - (1 - (fc - l)r) _ r + fcr-l _ 1 



\Gt\ 2-(fc + l)(l-(fc-l)r) 1 + k^r-r-k k-V 

Let r' = x{Gt)/\Gt\. We have just seen that r' > 1) so fc' ~ [l/r'] < fc - 1. 

So the hypothesis can be applied to Gt- We deduce that there exists dr' such that 

dr,io{\Gt\,k')<Q{\Gt\,x{Gt)), 

so uj{Gt) > dr'Uj{\Gt\,k') > dr'Uj{\Gt\,k). But still, t < i^^^^=^n + 1, so \Gt\ > 
[c^n] — (fc + 1). Pick an arbitrary positive < (one can work with = 0.99Cr, 
if one prefers specific constants). Then for large n we have > [c^n]. Hence 

w(Gt) > dr'C*j{\c'rii],k) > dr' p I -| oj{n, fc) 
Putting together Case 1 and Case 2, it is shown that we may choose 

dr = min 




□ 

Our constants Cr are identical to those of Liu's in case when r = l/l for some 
I positive integer. We get horrible constants though for values of r that are just 
slightly less than l/l for some I positive integer. So these bounds arc quite certainly 
not near optimal, but they are sufficient to show the rate of growth of the sequence. 

3. Better upper bound 

In the previous section wc only proved a weak bound for [rn]), because 
that was all we needed to establish the rate of growth. But that bound is certainly 
not correct. In the following we show how to get better bounds. 

Theorem 4. Fix < r < 1. Let fc = [l/rj, and let m = n — fcfrn], I = 

(fc + l)[rn] — n. Let q{f3,a) = min^uj{a/3i,a) where the minimum is taken over 
sums X) ft = /3 with ft > integers. Then 

Q{n, \rnj) < q{Lk) + g(m,fc + 1). 

Proof. We will exhibit a graph on n vertices with chromatic number \rn~\ and clique 
number at most q{l, fc) + q{m, k + 1). To do this, let li,. . . ,la be the numbers that 
minimize q{l, fc), and let mi, . . . , rrib be the numbers that minimize q{m, k + 1). Let 
Li,...,La be Ramsey graphs with \Li\ = kk, a{Li) < fc, and oj{Li) = ui{kli,k). 
Similarly, let Mi, ... , Mb Ramsey graphs with |Mj| = (fc + l)mj, a{Mi) < fc + 1, 
and u:{Mi) = a;((fc + l)mi, fc + 1). Now construct G by taking the disjoint union of 
Li, . . . , La, Ml, . . . , Mb, and add every edge between any two of these components. 
Then clearly, \G\ = kl + {k + l)m = n, and 

X(G) = ±x{U) +j:x{M,) >E^ + E|^=^ + m= \rnl 

i=l j=l i=l j=l 
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furthermore 

a b 

Lj{G) ^Y,uj{Li) + ^ q{l,k) + q{m,k + 1). 

1=1 j=l 

Now apply the usual trick of dropping edges until the chromatic number is down 
to \rn] to get the example graphs. □ 

Corollary 5. 

Q{n, [rn] ) < uj{kl, k) + a;((fc + 1)to, fc + 1) 

Note that (5(n, [rn]) < u!{kl,k) + uj{{k + l)m, fc) is a direct consequence of 
Theorem [2] and sub-additivity of u in the first variable. But maybe the modest 
improvement provided by this corollary is sufficient to establish the correct asymp- 
totics of the sequence. 

4. Final notes 

The bound provided by Theorem |4] is almost certainly not exact, because one 
can probably improve on it by just choosing sizes more carefully for the Ramsey 
graphs Li and Mj. But perhaps the more interesting problem that is left open is 
to establish an asymptotically correct formula for the sequence Q{n, \rri\). As we 
mentioned above, we believe that the bounds in Section [3] have a good chance to be 
asymptotically correct, but proving it would probably require a good understanding 
of certain restricted clique covers of graphs. 
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